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Abstract
We point out the erroneous reasoning and disprove the conclusions contained in a recent
preprint by A. H. Bougourzi (arxiv:1402.3855v1) concerning the spin structure factor of the
Heisenberg model at zero field in the thermodynamic limit, as calculated using the vertex
operator approach.
In a recent manuscript [1], much existing work using the vertex operator approach for the
calculation of correlation functions of the Heisenberg model in zero field and in the thermodynamic
limit is criticized. In particular, it is claimed that the earlier results concerning two-spinon [2] and
four-spinon [3] contributions to the dynamical structure factor are incorrect. The criticism focuses
on an alleged failure to treat delta functions correctly when expressing the structure factor as a
summation over intermediate states.
Handling Dirac delta functions
Quoting the text after equation (24) in [1], ‘Now a source of an error that plugged [sic] all existing
papers dealing with the exact DSF in that they all got the normalization overall factor incorrect
is due to the tricky step of expressing each of following sum ... in terms of the usual Dirac delta
function δ(x).’ The sum in question is the one on the left-hand side of equation (26) of [1], which
we here reproduce textually:
∑
m∈Z
exp 2im(k +
n∑
l=1
p(βl))
?
= 2pi
0∑
l′=−n/2+1
δ(2(k +
n∑
l=1
p(βl)− 2pil
′))
= pi
0∑
l′=−n/2+1
δ(k +
n∑
l=1
p(βl)− 2pil
′), −npi ≤ p(β1) + p(β2) ≤ 0. (1)
In the above, p(β) are individual spinon momenta varying in the interval ] − pi, 0]. The last line
should of course be corrected to read −npi <
∑n
l=1 p(βl) ≤ 0.
More importantly, an attentive reader will have noticed that a parenthesis in the right-hand
side of the first line is misplaced. The correct version (with changed parenthesis pointed to by the
arrow) of the right-hand side is the Dirac comb
∑
m∈Z
exp 2im(k +
n∑
l=1
p(βl)) = 2pi
∑
l′∈Z
δ(2(k +
n∑
l=1
p(βl)
↓
) −2pil′). (2)
1
We can rewrite this (using the standard scaling property of the delta function) as two separate
sums
pi
∑
l′∈Z
δ(k +
n∑
l=1
p(βl)− pil
′) = pi
∑
l′∈Z
∑
α=0,π
δ(k +
n∑
l=1
p(βl) + α− 2pil
′). (3)
For n spinons (only n even is relevant since there are always even numbers of spinons in our
discussion), only n/2 values of l′ are relevant since
∑n
l=1 p(βl) takes values in a range of width npi.
This n/2 is ‘factorized’ in the right-hand side of equation (27) of [1] by shifting spinon momenta
by units of 2pi. The α = pi terms are however completely missing, which means that half the
delta functions are missing. This is the first relevant mistake. However, in equation (23), which
is special to the isotropic limit, there is a factor 1 + ei(k+
∑
l
p(βl)) which is simply put to zero by
the extra α = pi term which we found above and which was overlooked in [1]. It would thus seem
that this error luckily ‘cancels out’ for the isotropic case (though it certainly would not in the
anisotropic case), provided equation (23) of [1] is correct. Is it?
Relations between form factors
Equation (23) in [1] is based on equation (18) in the same manuscript, which identifies in the first
lines the following two form factors (which we write for convenience in terms of the ξ variables
generically used in [4], although this relation should be understood to only be valid in the isotropic
limit):
i〈0|σ
+
0 |ξn, ..., ξ1〉ǫn,...,ǫ1;i
?
= − 1−i〈0|σ
+
0 |ξn, ..., ξ1〉ǫn,...,ǫ1;1−i. (4)
Using equations (A.12) and (7.16) of [4] and taking for example ξn → −ξn, we would conclude
from equation (4) that
i〈0|σ
+
0 | − ξn, ξn−1, ..., ξ1〉ǫn,...,ǫ1;i
?
= + 1−i〈0|σ
+
0 | − ξn, ξn−1, ..., ξ1〉ǫn,...,ǫ1;1−i (5)
which contradicts equation (4). The properties of the form factors are instead such that the sign
in their ratio depends on where the ξ are sitting, and we have
i〈0|σ
+
0 |ξn, ξn−1, ..., ξ1〉ǫn,...,ǫ1;i
1−i〈0|σ
+
0 |ξn, ξn−1, ..., ξ1〉ǫn,...,ǫ1;1−i
= −
i〈0|σ
+
0 | − ξn, ξn−1, ..., ξ1〉ǫn,...,ǫ1;i
1−i〈0|σ
+
0 | − ξn, ξn−1, ..., ξ1〉ǫn,...,ǫ1;1−i
(6)
The sign used in equation (4) is thus dependent on the domains in which the ξ1, ..., ξn sit, which
was not taken into account in [1].
Using the resolution of the identity operator correctly
One important subtlety of the vertex operator approach which can easily lead to mistakes is
that one must be careful about using the resolution of the identity correctly. This point was
extensively discussed in references [5] and [6] which were overlooked in [1]. Namely: the resolution
of the identity in [4] (equation (7.21)) reads
1 =
∑
j=0,1
∑
n≥0
∑
εn,...,ε1
1
n!
∮
dξn
2piiξn
...
∮
dξ1
2piiξ1
|ξn, ..., ξ1〉εn,...,ε1;j j;ε1,...,εn〈ξ1, ..., ξn| (7)
where the integrations over ξ are taken over the unit circle. The subtle point is that this integral
takes the spinon momenta outside of their fundamental domain, and here p(ξ) ∈ ]− 3pi/2, pi/2].
But one must identify states corresponding to ξ and −ξ: equations (A.12), (7.16) and (7.17) of [4]
explicitly show that we must perform this identification, and the orthogonality relation on p.104
of [4] (with δ(ξ2/ξ′
2
)) confirms it. Equation (7) must thus be used carefully if one integrates over
the whole unit circle of ξ. As explained in [5] (see equation (19) in there, and its specialization to
the gapless case in equation (3.1) of [6]; by the way, that version was for the even-spinon number
2
sector only, and we here give its fully general form), a risk-free version of the resolution of the
identity is to integrate the variable ξ2 over the unit circle,
1 =
∑
j=0,1
∑
n≥0
∑
εn,...,ε1
1
n!
∮
dξ2n
2piiξ2n
...
∮
dξ21
2piiξ21
|ξn, ..., ξ1〉εn,...,ε1;j j;ε1,...,εn〈ξ1, ..., ξn|. (8)
This guarantees that the spinon momenta are integrated over their proper interval ]− pi, 0] unlike
in equation (7), where the spinon momenta are integrated over ]−3pi/2, pi/2]. Using representation
(8) instead of (7) means that the main mistakes of [1] are then automatically avoided. This is
what has been used in [3] for the isotropic chain and in [5, 6] for the anisotropic cases (respectively
transverse structure factor of the gapped chain and longitudinal structure factor of the gapless
chain), which by the way connect completely smoothly respectively with the Ising and XY limits,
as well as with the previously established isotropic chain results [2], but not with the results of [1].
Putting things together (in)correctly
The mistake with delta functions thus comes back to haunt the reasonings of [1]. Equation (23)
is wrong, because the domain of integration corresponds to that used in representation (7) of
the resolution of identity rather than that in (8), and the term 1 + ei(k+
∑
l
p(βl)) transforms to
1−ei(k+
∑
l
p(βl)) in half of the integration region because of (6). The omission of the pi-shifted delta
functions, together with the incorrect analytic continuation of form factors to their proper values
when the spinon momenta go outside their fundamental domain p ∈ ]− pi, 0], finally compounded
by the use of the representation (7) instead of the pitfall-free (8), means that wrong results are
thus generated for any number of spinons.
Leaving aside the misunderstanding of Brillouin zone folding permeating [1], the main point
we wish to make here is that all the mistakes listed above simply lead to an erroneous factor of
1/2 because the omitted contributions (α = pi cases in equation (3)) take precisely the same form
as the α = 0 ones. The discrepancy in the two-spinon result of [1] is thus fully explained, and
the correct two-spinon contribution of 72.89% from [2] once more confirmed. For the four-spinon
case, correcting for the above-explained factor of 1/2 would mean that the predicted four-spinon
contribution of [1], if its numerics could be trusted, would become 36%−40%, which is inconsistent
with the two-spinon figure.
Conclusions
The conclusions of [1] have been shown to be erroneous, being based on a conjuction of three
mistakes, one elementary, two rather more subtle. All previously-published results on this issue,
by the current author or others, stand.
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